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Abstract-The constricted heat flow in packed beds of spherical particles is considered. The clustering of 
particles about one another is modeled after the statistical therm~ynamic approach for the energy-level 
distribution of degenerate Boitzons. The theory estab~sh~s the local coordination number, i.e. total number 
of contacts on a particle, as the suitable statistical variable and predicts the coordination-number frequency 
for any specified bulk solid fraction of random packed beds. Heat conduction through particles in contact is 
then represented analytically by a network of thermal resistance in series and parallel. It is found that the 
effective lattice conductivity of a random packing of uniform-diameter particles increases monotonically with 
the bulk soiid fraction. Although the theory for conductance and coordination-number distributions has 
been developed for the general case of random beds with particles of non-uniform diameters, results have 
been obtained for the case of uniform~ameter particles only. Even for this simple case, the statistical 

approach exhibits several features superior to the unit-cell methods. 

NOMENCLATURE 

maximum number of satellites around a 

base sphere ; 
denotes the combination function; 
numerical constant defined by equation (5); 
particle diameter ; 
Young’s modulus for the constituent 

material of the particles; 
therm~ynamic discrete energy level; 
total force on a contact along the line 

of centers; 
degeneracy ; 
acceleration due to gravity; 
numerical constant ; 
local (particle) coordination number ; 
also, summation index for the local 
coordination number ; 
index for discrete particle species based 
on range of diameters ; 
thermal conductivity ; 
numerical constant in equation (5); 
tota number of particles in the powder 
sample, a constant ; 
uniform external pressure ; 
probability frequency; 
thermal constriction resistances; 
radius of the circular contact between 
two spheres; 
therm~ynamic entropy of the powder bed ; 
thermodynamic temperature of the powder 
bed ; 

*Currently with Melting Process Development Depart- 
ment, Corning Glass Works, Corning, NY 14830, U.S.A. 

i Professor of M~hanical Engineering. 

u, thermodynamic internal energy; 

v, total volume occupied by the agglomerate 
sample; 

W therm~yn~i~ probability defined by 
equation (12); 

2, packed-bed partition function. 

Greek symbols 

04 Lagrangian multiplier for the number 
constraint ; 

/I, p’, Lagrangian multipliers for the volume 
constraint; 

V, angle between the direction of loading 
and the line of centers ; 

4 incremental quantity; 

6, solid fraction ; 

J4 Poisson’s ratio for the constituent 
material of the particles ; 

P, average density; 
@, functional form for the local solid 

fraction in the case of random bed 
consisting of particles with a 
size distribution; 

9, function relating contact force to total 
particle force in equation (20); 

Q, trihedral solid angle at the center of a 
base sphere for closely-packed 
satellites; 

Subscripts 

c, for lattice or solid conduction ; 
e, equivalent or effective ; 
i, i*, functionally dependent on the coordination 

numbers for base sphere and 
satellites, respectively ; 
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.j,.j*. 

max. 
min, 

.L 

functionally dependent on the base sphere 
and satellites parameters, respectively : 
maximum : 
minimum; 

for the constituent material of the 
particles. 

I. INTRODUCTION 

HEAT transfer in porous media is a subject of growing 
research interest due to the large-scaleindustrial use of 

porous materials. Particular attention here is devoted 

to stagnant agglomerates of unconsolidated granular 
particles, also known as fixed or packed beds. The 

interest in such packings may stem from their excellent 
thermal insulation characteristics as in the case of 
cryogenic microsphere insulation [ 1, 21, or the parti- 

cularly large effective surface area far solid-void phase 
interactions leading to high efficiency of filtration, 
dehydration, mixing, and chemical reaction. The 

transport processes, whether in the voids or within the 

solid phase, depend strongly upon the local and the 
bulk clustering behavior of the particles. The problem 
of statistical description for the arrangement of either 

the voids or the solids (particles) therefore takes 
precedence over the modeling of the actual transport. 

In the following treatment, the statistical description of 

the packing of particles is presented in Section 3, while 
Section 3 is concerned mainly with the solid con- 
duction heat transfer in the packing. 

Numerous studies have addressed themselves to 
packing structures in agglomerates and these have 

been reviewed in detail by Haughey and Beveridge [3]. 
With very few exceptions, only packed beds compris- 

ing of uniform-diameter spheres have been considered. 
The macroscopic? (bulk) parameter invariably used 
for describing the packing state is the bulk solid 

fraction 6. It has been suggested that, in the case oi 

ordered packings, the parameter 6 may be inadequate 
in uniquely characterizing the packing state [4]. A 

quantitative treatment demonstrating these limi- 
tations for non-random packings has recently been 
presented [5]. On the hand, for homogeneously ran- 
dom packings, one expects very little deviation from a 

packing configuration typical of a specified 6. On the 
microscopic (local) level. this characteristic packing 

state is generally described by the distribution of the 
coordination number which is the total number of 
contacts on any particle. In the literature, there exist 
very meager experimental data on this distribution as a 
function of d [6. 71. In the absence of more extensive 
studies. the Local and the bulk-mean coordination 
numbers (respectively. i and I) are often assumed to be 
the same, the former being considered equal on all 
particles. Such analyses [S. 91 also assume largely 
empirical linear relations between I and ci [S. 71. The 

prediction of bulk thermophysical properties (e.g. 

effective lattice conductivity) in these studies is expec- 

f Throughout this paper, the term “macroscopic” indicates 
evaluation of a quantity for a large statistical sample, while 
“microscopic” refers to a sample typically of unit-cell dimen- 
slons. 

ted to be in some error due to the neglect oft he detailed 
coordination distribution. 

In light of these considerations. major effort in the 
present work is devoted to the development of ;I first- 

principle theoretical model capable of predicting the 
local coordination-number distribution for an\ speci- 

fied ci and particle-size distribution (Section 21. The 

basic idea behind the present approach is to distribute 

the particles among different discretized coordination 
number levels in a manner analogous to the placement 

of ideal gas molecules in energy levels. Special attcn- 
tion is given to a rigorous formulation of statisticai 

concepts of degeneracy, distinguishabilirq and eyua 
tions of constraint for a random bed, II should bc 

pointed out that the idea of applqinp the principle> OI 
statistical thermodynamics as outlined in standar,; 

texts [lo] to macroscopic systems of practical intereF1 
has been successfully explored in the past [ 1 I 13 1. 

Several other parameters. besides the preceding 

coordination distribution, could influence the buIh 
transport properties ofrandom packed beds. These arc 
mainly the statistical geometrical parameters 5uch JZ 

the average number of particle> per unit area and 
length [8, 15. 161, and also the angular distriburron oi 
the contacts around a particlc [I _. IS]. 4 brief 1.e~ KM 
of such studies is available in the literature 131 

While some statistical methods have been proposed 
for the prediction of the mechanical [15. 191 and the 

Huid flow [X 211 properties oi’ porous media. n!,> 
statistical treatment has been reported for the coti- 
duction heat flow in random packed beds. which is the 

primar) heat-transfer mechanism m opacified eta- 
cuated microspheres or for other powder insulations ;I: 
low temperatures and large compressive loads [ 1. 2, 
221. The present work for solid conduction can Lilso be 

applied to the calculation of combined modes J 

energy transfer in packed beds, smce these modes such 
as solid and gas conduction and radiation can be well 

approximated independent of one another [8. 23~ Z-11. 

The basic mode1 for solid conduction in packed beds IX 
the constriction thermal resistance of a small contact 
area whose magnitude is determined by the Iloading 
and the geometric conditions. The packing strructure 
influences the analysis strong]> ihrough the <IV- 
termination of the load distribution and the mode of’ 
assembly of the thermal resistors. in idealized ordercti 
packings of uniform-diameter spheres. the problem\ 
associated with the characterization of random pach- 

ing structures are avoided b> arranging the particles !n 
regular crystallographic unit>. Such treatments. 
though limited to discrete values of solid fraction, yicid 
valuable parametric information concerning the bull\ 
lattice conductivity of a packed bed 15. 2!, ?_hj. 
Howekcr. in order to account for the continuous 
variation of bulk density in a stratified bed such xs the 
lunar rcpolith, a random packing approach based on 
uniform local and bulk coordination has been d+ 
veloped [8]. For the conductmn ctnniqsi.~ (Sectlon 7). 
the present work extends this earlier study to mcludc 
the size distribution of particles and frequent) distri.- 
bution ol’the local coordination. 
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2. STATISTICAL THERMODYNAMIC ANALQG FOR 
PACKED-BED COORDINATION FREQUENCY 

General considerations 
A stagnant powder bed consisting of an entirely 

random assemblage of a given number of spherical 
particles N at a prescribed bulk solid fraction 6 is 
considered. The sample is assumed to be free from the 
influences of order-generating container boundaries, 
external force fields including gravity, and inter- 
particle friction forces. Particles may exhibit a size 

distribution pi defined such that 

f 

d> 
N Pj d(dj) 

dl 

gives the total number of particles having diameters 
between dl and dZ. This particle-size distribution 

depends on several variables, chief among them being 
the method of granulation and the subsequent sieving 

techniques. The size distribution is a very useful 
parameter since it remains invariant with any packing 

parameter (such as density or the method of packing, 
etc.) for every statistical sample of the agglomerate. In 

the strictest sense, the theoretical determination of pj 
based on some average bed properties is within the 
realm of the statistical thermodynamic approach. 
However, it can be determined with relative ease by 

using one of the several methods available for this 

specific purpose [27]. 
For a macrostate specified by N, pj and 6 (hence the 

total volume of occupancy V), a very large number of 
local (i.e. microscopic) arrangements of the spheres in 

each other’s vicinity are possible. For a complete 
description of these microscopic arrangements, the 
position coordinates for the center of every particle 
and its diameter dj should be known. Based on such a 

description every particle can be associated with a 
total volume of occupancy, where the term “total” 
indicates both solid and void phases. This volume is a 

measure of the local solid fraction and depends on the 
coordinates and the sizes of the base sphere as well as 
the satellites, both in near and actual contact. As in the 
case of uniform-diameter beds [7], the local volume 

should be obtained on the basis of characteristic 
spherical envelope concentric with the base particle 

and usually of a radius equal to the base-sphere 
diameter. These considerations also apply for the 
alternate representation followed in the present treat- 
ment. According to this, the particle total volume for i 

contacts between a base sphere of diameter dj + Adj/2 
and satellites whose diameters can each have a va- 
riation of & AdjJ2 about a distinct dj, is denoted by vjj* 
(i dj> d,,). The dependence of V,, on i*, the coordi- 
nation of the satellites, on the angular location around 
the base sphere, and on the number and position of the 
near contacts is considered too weak to be significant. 
For the case of uniform particles at least, such an 
assumption appears to be fairly valid [7]. The de- 
pendence of vjj* simultaneously on the parameters of 
the base sphere and the satellites shows that the 
particles cannot be treated as independent of each 
other as the ideal gas molecules. As seen in the 

treatment of moderately dense gases [lo], the statisti- 

cal description of such interacting particles is exceed- 

ingly complex. In the present model, it is therefore 

assumed that the expected value of yjj, for i contacts 

on a particle of diameter djkAdj/2 with satellites of 
any possible combination of diameters can be used as 
the particle total volume I$. By virtue of this averag- 
ing, Fj is independent of the satellite parameters. For 
the purpose of this analysis, therefore, the particles of 
the packed bed consist of N independent spheres 
obeying the size distribution pj and each associated 

with a total volume yj 

Equations of constraint 
The number constraint simply states that in the 

absence of any comminution, a constant mass bed 
contains the same number of particles in any diameter 

range. Denoting by Nij and pij the number and the 
frequency distribution of particles having coordi- 
nation of i and diameters between djf Adj/2, it is seen 

1 Nij = Nj = constant for every j. (1) 

For a continuous distribution of diameter, equation 

(1) is easily expressed as : 

~s:‘_:~dd~~ Pij d(dj) = Jd~~,~d~~ Pj d(dj) 
I J 

or 

Cpij = pj = constant for every j. (la) 

It is seen ithat equations (1) and (la) are each j 

equations of number constraint. 
The volume constraint states that a constant mass 

bed at a prescribed 6 has a fixed total volume of 

occupancy I/. Since volume is an extensive property, 
this yields : 

~~“ij”;j=“=~$~Nijd:=~CNjd~. (2) 
J 

Define a local solid fraction aij such that 

6, = zdj3/61/ii. 

Equation (2) can now be written as 

T T N, $ = ; c Njdj3. 
U 1 

In the integral form, equation (2a) reduces to 

(24 

Tjdd;$pijd(dj) = ;l;m’xd;pjd(dj). (2b) 
nl,” ‘1 ml” 

It is observed that there is only a single equation of 

volume constraint, i.e. equation (2a) or (2b). For 
agglomerates of uniform-diameter particles, Nij = Ni, 
Fj = v, dj = d, and dij = hi. Equations (1) and (2a) 
then assume the following simple forms : 

c Ni = N, (3) 

It is seen that for the case of uniform-diameter 
particles, the particle solid fraction depends on the 
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particle coordination only. Based on unit-cell results 
[SJ the functional nature of this dependence should be 
of the form: 

i = lyi:” (5) 

where i and ISI are numerical constants. Therefore, 
equation (4) can be further written as 

C it lWl~i -_ N;[rjc(l RI)], 
(6) 

i 

For packed beds with a size distribution, the Local solid 
fraction will depend both on the local coordination as 
well as the size distribution pj. One can then express in 
general, ~5,~ = @ji.tl,). Equation (2b) for the variable 
size case can be written as: 

~~~cult~es are antici~ted in qu~lIltitative use of 
equation (7) since the nature of the function CD is not 
explicitly known. 

Whereas in the case of the ideai gases the arrange- 
ment of molecules is considered in different energy 
levels, for the powder beds the particles are classified 
according to their local solid fraction and hence local 
coordination. Since the particles in different diameter 
groups (different j) have differing functional behavior 
for Fj and dii, the packed bed may be regarded similar 
to a mixture of ,j species of independent particles. 
Further it is seen that the particles are distinguishable 
by virtue of their physical locations in the powder 
matrix. This follows since the position coordinates 
enter in any complete microscopic description and 
therefore influence the local soiid fraction levels also. 
An analogous situation occurs in the statistical treat- 
ment of solids [LO] where the atoms in crystal lattices 
are considered distinguishable for similar reasons. 

Before a proper statistical description can be for- 
mulated for the agglomerate, it is important to de- 
termine if the coordination levels are degenerate. 
Degeneracy, as applied to the case of packed beds, is 
the statistical weight associated with the occupancy of 
any particular local solid fraction level. Qualitatively. 
one expects very large and very small coordination to 
be relatively less likely for contacts between particles of 
any size. Relatively large values of i should be more 
typical of large (J, and small ~1,~ while low values should 
occur for small dj and large flj*. Qualitatively therefore 
it appears that the coordination levels must be con- 
sidered degenerate. It is further observed that around a 
base sphere of diameter dj, only a fixed maximum 
number of spheres of uniform diameter dj* can be 
placed. This number AJj, (clj, I{,,) is approxim~~tely 
given by 

.4,, Z 4_rrl~jj, (81 

where !2,,, is the trihedral solid angle at the vertex of a 
tetrahedron, the base of which is an equilateral triangle 

of side Lcje and the median is of height &d-t d,,). in 
general. equation (8) slightly kl~erestimates ,il;,* by 
assuming a completely close-p;lckcd ~lrrar~~exnenl 
among the satellites. This is exac! only in special c;ts\c~ 

such as when [lj = c/, or tlj =: 0, i ,, .I 2 -_ I ). The latter 
case occurs when the base sphere fits exact1.s m the 
cavity between four equal contacting spheres. In all! 
case, the approximation intr~~duced in equation (8 1 for 
non-uniform particles is of minor i’onscyuence wince $11 
that case the equation needs further modification for 
the size variation among the \.ttelliter. This ii: in. 
corporated by assuming that :he frequency dtstri. 
bution for the diameters of the sar&htc spheres for an\ 
base sphere is the same as then parttclc size disrri- 
bution. Such an assumption in. evidently the mosi 
reasonable one for random be& where 5tratiticatron 
according to particle sizes is ignored. The expected 
maxitnul~ number of contacts is therefore 

where p+ = pj. To model degeneracy incorporating the 
qualitative considerations discussed earlier, a coordi- 
nation number equal to .4, is assumed to be unique and 
therefore the degeneracv if ” . ..1. ih assigned a I alue 01 
unity. The degeneracy for numbcrc other than .4 can 
be obtained by assuming the i contacts to be formed by 
spheres occupying these 4, slots. Positions causing the 
particles to be shared simultaneously among two or 
more slots are not permitted since in the absence o! 
such a restriction gA, becomes i?~~n-Llnique. The star- 
istical averaging in equation is) also ignores tht: 
possibility (admittedly having onI!, minor weight) ok’ 
satellites which subtend partially or wholly shared 
solid angles at the center of the base sphere. With these 
restrictions in mind, it is seen that the degeneracy 
associated with i contacts on a particle is simply the 
number of different ways i slots can be picked out of :t 
total of A, slots without regard to the order of the 
choice. Hence in the not~~tiol~ ot‘ c~~jnbin~tti(~~l fun- 
ctions: 

it is noted that this combin~ttional form of the 
degeneracy function does not belong in the class of the 
simple degeneracy relations of the type gji _ i”““‘C”” as 
addressed by the treatment of Lienhard et ~rf. [ 11. I? 1. 
For the case of uniform-diameter particles, .4J,, :I ; 
= 12. Substituting in equation (10) there obtains: 

1?! 
gij Yzz g, = ;-. - 

r!(12--:il!’ 
(11, 

The index i is assumed to vary between I and 84,. 
Actually both the lowest and the largest coordination 
in a real bed will be higher than these two limits. 
However, if i > Ap the degeneracy in equation (10) is 
not well-defined. This discrepancy is due to the fact 
that an expected average maximum is used in obtain- 
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ing that expression. Similarly, such a low coordination 
as unity can occur in real beds only when effects due to 
inter-particulate friction forces or non-sphericity are 
present. It is however noted that a coordination as low 
as three has been observed in an experimental in- 
vestigation of equal particles [6]. The important fact to 
note is that neither the truncation of the higher values 
of i nor extension at the lower end should affect the 
final results significantly since both these extremes 
have negligible statistical weight [6]. 

The minimum value ofj is unity for the case of equal 
particles. An agglomerate with size distribution can be 
considered a mixture of as many species as we can 
obtain distinct constitutive equations for d,, A,, etc. It 
is however essential to the statistical analysis that each 
of these species contains a large number of particles Nj 

Development of’the equilibrium particle distribution 
The preceding treatment indicates that the particles 

of the agglomerate are distributed among coordi- 
nation levels according to Maxwell-Boltzmann statis- 
tics. As in the case of a mixture of independent ideal 
gases, the thermodynamic probability of a macrostate 
as prescribed by the constraint equations (1) and (2a) 
is 

W=~W+fl”@$ (12) 
i j i v . 

Analogous to the conventional definition of thermody- 
namic probability, Wj is the number of different ways of 
distributing Nj Boltzons in i coordination levels each 
with a degeneracy gi2 It is noted that in the packed-bed 
formulation, only a finite number of coordination 
levels occur unlike the correspondingly infinite num- 
ber of energy levels for the case of ideal gases. The 
distribution of N,j\which maximizes W and hence In W 
is considered so much more likely (i.e. W,,, >> and 
other W) that any other distribution is virtually 
impossible. The “equilibrium” distribution is obtained 
by setting d In W = 0 and solving this equation tog- 
ether with the constraint equations (1) and (2a). Using 
the method of Lagrangian multipliers (denoted as c(~ 
and p’) there obtains [lo] : 

N, = gij exp [ - Clj - p’(dj3/6ij)]. (13) 

The multiplier c(~ is easily eliminated by the use of 
equation (1) as 

N,/Nj = pij/pj = gij exp[ - /l’(d,?/dij)]/Zi (14) 

where the species partition function Zj is defined as 

Zj = Cgijexp[-p(d,?/6ij)]. (15) 
I 

Equations (14) and (15) can be further written by 
substituting @(i, dj) for 6, as discussed earlier. For the 
uniform-diameter case, based on the constraint equa- 
tions (3), (6) and on the single-species behavior, the 
above analysis results in the following expression for 
the coordination number distribution: 

NJN = g,exp[ -pi’-l’“)]/z (1’5) 

where Z for uniform particles is seen to be xgiexp 

[-fli(-““)]. It is seen that the Lagrangian multiplier fi 
for the uniform-diameter case is based on the special 
constraint equation (6) and is dimensionally different 
from p’. Substituting equation (16) into equation (6), 
there obtains: 

1 C Sii’- lim’ 
exp[ -/jiC- l!m)] 

I ~ = C(l/m) i (17) 
6 Cgiexp[-/?i’-l’m)] 

where gi for uniform-diameter particles is obtained 
from equation (11). Equation (17) is an implicit 
relation between the bulk solid fraction 6 and the 
multiplier p for a specified value of the constant c. 

Comparing with the ideal gas case, the thermody- 
namic analog of the packed bed is seen to be: the total 
internal energy U = total volume V, the discrete 
energy levels e, = [i’- 1’m)]. The entropy can similarly 
be defined as the measure of disorder and obtained 
from S = H In W where His a constant. Following the 
conventional definition, the thermodynamic tempera- 
ture T for a packed bed can be shown as [/IhI- ‘. 

Results and discussion 
A set of fi and the corresponding 6 values is obtained 

by performing the summation in equation (17) on a 
digital computer and using for c and m respectively 
11.6 and 1 as recommended by the results of a discrete 
analysis [5] of uniform-diameter particles in the range 
of the statistical solid fractions (6 between 0.56 and 
0.65). It is seen from Fig. 1 that p is positive and 
increases with the increasing solid fraction. Once B is 
determined for a known solid fraction, the coordi- 
nation frequency is simply that given by equation (16). 
Figure 2 compares the theoretical predictions of N,/N 
with the experimental data [6] for two different values 
of 6. The lower of these corresponds to a loose or 

40~” 
0.4 

0.2 

Bulk -Mean Solid Fraction, I) (percent) 

FIG. 1. Lagrangian multiplier /I and fixed-bed entropy S/HN 
for different solid fraction 6. 
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gently-settled powder bed while the higher one is for 
dense random packings. The theory and the experi- 
ment are in excellent agreement in several aspects such 

as the location of the maximum (i.e. the mode of the 
distribution), the relati\;c shift in the mode with change 
of the bulk solid fraction. and the general IWO- 
parameter asyiimetric shape of the di\tribulirln. 
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Local Coordlnction Number, L 

I“Ic;. 2. C’omparison between the theoretical and cxperimen- 
~1 frequent) distribution\ 01 coordination numbers for 

uniform-\iled particles. 

The error in the prediction of the maximum fre- 
quency is less than 14”,, of the experimental value for 

either of the densities compared in Fig. 7. Despite 
various idealizations, the statistical analog thus de- 

scribes the coordination distribution of uniform- 

diameter particles quite adequately. For the more 
general case of beds with a particle-size distribution. 

computations based on equation (14) cannot be 

carried out explicitlq since the nature of the function 
(/j( i. ilj) is not known. The function S/H N is also plotted 

in Fig. I. II is shown thal denser beds are more ordered 
(less entropy). Physically this is reasonable since 
denser bed5 are expected to offer less latitude in 

particle arrangement\. 

3. PREDICTION OF THE LATTICE 
COYDt-CTIVITY OF .\ RAUDOM PACKED BED 

To analyze the thermal conductivity. It L!, now 
assumed that the random bed under consideration is 
subjected to a unidirectional external compressive 
load or to loading due to particle self-weight. The non- 
randomners caused by the application of a directional 
force-field is ignored. The density change that accrues 
from the application of the load is incorporated simply 
by considering all the parameters to be based on the 
final “equilibrium” bulk-mean density. The behavior 
of the bulk-mean density with the applied load is 
assumed to be known beforehand, either empirically 
or otherwise. 

The contact radius for an elastic irlctmnless cllntact 
between two smooth solid spheres of the same material 
but different diameters is obtained from the well- 

known Hertz relation [28] ah: 

P.or a packed bed of part&s QICI~ JS microsphere-. 
either under moderate loads or under \elf-loading. it 1, 

seen that the contact radii are on the order of 10 ’ pnr 
Since particles are in\ariabl! largcl. than a fe\z mic 

runs. the ratio of contact radiu\ to particle diameter /\ 
much smaller than unit!. For- solid or ultra-thick 

microspheres, it follows that the constricted heat flop 

through the contact area cart be cl~ely approximated 
by that through a contact on ;I \cmI-infinite body [25. 
26. 28). Therefore. the Helm I’~I-I~LI~;I J ~cld\ the zctrreci 

contact resistance e\cn in (he preience i~ia particle \izl: 
distribution. AccordingI! 

In the case of a uniform external load P. the totai force 

on any unit section through the powder anti per-- 
pendicular to the direction of Ioadinp i\ constar?t. I’w 
the self-loading case, houe\cr. the fol-cc due to’ “111, - 

drostatic”pressure at a particular depth 3 in the bed (P 
-7 ~K~‘z) increases with thi\ depth In clthcr I‘;I\c. Ihe 

present treatment assumes that the total force at :I 
cross-section manifests ;I:, ;I uniform prcssurc on the 

solid areas in a cross-sectional slice perpendicular to 
the direction of loading. In borh ~hr: casus the bulk 
density can vary with the depth. (‘onsidcring the fact 
that for a random bed the bulk area and I olumc tolid 

fractions are equal [ 161, the uniform pressure on the 
solids P, equals P:ii. The expected solid area of J 

random cross-sectional slice throu&h a parllclc I)! 

diameter tl, has been sho\+n equal to nc/f.‘6 1 S. t? /. 
Therefore the load at any frictionle\\ contact is \impl> 

where $(i, ;,) is a function ul’ the particle coordination 
number i and ;’ with ;’ being the angular location 01’1i-IC 
contact with reference to the direction of loading. The 
precise functional nature of $11. ; 1 evidently depcndi 
on the complex static force balance on the base ipherc 

Combining equations ( I X 1 (Xi 1 

It is Further noted that an ,ivcragc drea equal 10 
(xdf/3i6,) and an average laber height equal to 
( 1/2)(dj+tlj~)co,s;~ are associated lvith the resistance 
Rjj, The equivalent thermal resistance per unit bulk 
area and length is therefore see11 to be 

Hence the ellecective lattice conductl\it! for base par- 
ticles of diameter tl, with coordination number ! and 
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contact at angle y is 

(kc)i,j,;, = (Re)&ty = 
3S{ji(dj + dj*)k, COS Y 

2xdT (1 -pz)nPJ/dj3dj, - Ii3 ’ (23) 
J E6(dj+ dj,) I 

The effective lattice conductivity for particles of 
all sizes and coordination numbers and of equi- 
probability of contact angular distribution is therefore 
given by: 

(24) 

Substituting from equation (14) for (N,JN), there 
results: 

dj)]Pj 

X (kc1i.j.y d(dj) &J. (25) 

For the case of uniform-diameter particles, dj = d, 

= d, bij E 6, and N,, = Ni. Based on $ = 2/icosy and 
equation (16) for N,/N there follows : 

kc 
k, (1 -p2)P Ii3 s I 1 E 

= 0.65 6 - 1’3 
z Tgidii2’j exp[ -/Ii’- lint’] (26) 

where /I is known for any bulk density from Fig. 1. 

Results and discussion 

The variation of the non-dimensional lattice con- 
ductivity based on the present theory has been ob- 
tained by numerical summation of equation (26) on a 
digital computer and is presented in Fig. 3 along with 
the discrete points obtained from the lattice-defect 
analysis. The statistical results cover the range from a 
lower critical solid fraction of about 0.48 to an upper 
closest-packed bed of solid fraction 0.74. The calcu- 
lations assume c and m values equal to 11.6 and 1 in 
equation (5) up to a solid fraction of 0.68 [S, 91. 

30 I I I I 
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FIG. 3. Theoretical lattice conductance as a function of solid 
fraction. 

However, these values do not characterize the closest- 
packing state adequately [9]. Corresponding to this 
solid fraction, equation (26) simply uses b = 6, = 0.74 
and i = I - 12. Also for this unique state, N,IN = 1. 

The statistical analysis is seen to be in excellent 
agreement with the discrete unit-cell analysis for the 
case of uniform-diameter particles [5]. By providing 
conductance continuously for any specified bulk den- 
sity, the statistical treatment is a definite improve- 
ment over the unit-cell method. However, the most 
significant advantage of the present statistical ap- 
proach lies probably in its ability to predict both the 
coordination-number distribution and the thermal 
conductance of packed beds with varying particle size. 
Computational work for this case is currently in 
progress. 
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UNE THEORIE DE THERMODYNAMIQUE STATISTIQUE POUR LA DISTRIBUTIOt% 
EN NOMBRE DE COORDINATION ET LA CONDUCTIVITE THERMIQLJE FFFFCTIVE 

rm LIT~ FIXES 

R&m&-On considire le transfert thermique dans les lits tixes dc particules sphtriqucs. Le goupemcnt 
de particutes a&Our d’une autre est mod&se ri partir de la thermodynamique statistique pour la dis- 
tribution des niveaux d’energie de Boltzons d~gCntrCs. La theorie ttablit le nombre de coordination local 
c’est a dire le nombre total de contacts dune particuie, comme &ant la variable statistique convenahlc 
et elle prkdit la frequence du nombre de coordination pour des tits fixes en desordre. La conduction 
thermique a travers les particules en contact est represent&e analytiquement par un reseau de r-&tames 
thermiques en serie et en parall&le. On trouve que la conductivitC de structure. de particules de diamttre 
constant et dispos&s au hasard, croit monotoniquement avec la fraction de sotide. Bien que la thkoric ail 
et& developpee dans le cas gCni_ral de lits en desordre avec des particules de diam&re non uniforme, on :I 
obtenu des r&hats dans le cas de particules de diam&re uniforme. M&me dans ce cas simple. l’approche 

statistique montre plus de richesse que les m&hodes h cetlule unitaire. 

EINE THEORIE DER STATISTISCHEN THERMODYNAMIK ZUR VERTEILUNci 
DER KOORDINATIONSZAHL UND EFFEKTIVEN WARMELEITF&HGKEIT 
voN BELIEBiG GWACKTEN S~H~ITTUNGEN (~UFALLSS~H~TT~~NGEN~ 

Zusammenfassung Es wird der eingeschniirte Warmestrom in Schtittungen van spharischen Kbrpsrn 
betrachtet. Die Lage der Partiket zueinander wird dargestetlt entsprechend der Behandlung der 
Energieniveauverteitung van degenerierten Boltzmann-Teitchen in der statistischen Thermodyanmik. Die 
Theorie fthrt die iirtliche Koordinationszahl, d.h. Gesamtzahl alter Kontakte an einem Partikel. als 
die geeignete statistische Variable ein und gestattet die Bestimmung der Haufigkeit der Koordina- 
tionszahl fir jeden bestimmten Feststolfanteil von Zufallsschiittungen. Die Warmeleitunp durch 
Partikel, die sich beriihren, wird analytisch dargesteilt durch ein Netzwerk von W~rmeleitwiderst~nden. 
die in Reihe und parallel geschattet sind. Es wurde festgestellt, daI3 die effektive Gitterleit~higkeit van 
Zufallsschiittungen von Partiketn gleichen Durchmessers monoton mit dem Feststoffanteil wachst. 
Obgleich die Theorie fur die Leitf?ihigkeit und die Verteilung der Koordinationszahl fiir den 
allgemeinen Fall von Zufallsschtittungen von Partiketn ungleichen Durchmessers entwickelt wurde. 
konnten Ergebnisse nur fiir den Fall einheittichen Durchmessers erzielt werden. Selbst fur diesen 
einfachen Fall weist die stdtistische Behandlung mehrere Eigenschaften auf, die den Methoden der 

Elementarzellen iiberlegen sind. 

CTATMCTMYECKAJL TEPMOflMHAMHYECKA~ TEOPMIf PAClTPEfiEJlEHMX 
KOOP~MHA~MOHHOI-0 YMCJIA M 3@@EKTMBHOI? TEITJlOTIPOBO~HOCTM 

CnOEB C EiECIlOPXflO~HOfi YKJ’IAAKOZi YACTMLI 

AHHOTW~~R - PaCcMaTpmaeTcn o6xarbtii Tenn0~0ti ~OTOK B rmornbrx cnorix c2peptrsecxax Yacri5u. 
B3aUMHaR Kpynn~pOBKa YaCTAU MOne~~pyeTC~ Ha OCHOBe CTaT~CTU~~CKOrO TepMO~~HaM~~eCKOr0 
RO,UXOfla Kp~ClTpelZeiieHUHJ3~iep~CT~tiCCKO~OypOBHflBblpO~UeHHbIX6O~blfOAOB. B TeOpnr0nBO~BI’C~ 
NOKaJlbHOe KOOp.DMHWNOHHOe 4MCJl0, f. e. nOnHOe YACJtO KOHTBKTOB OTAeJtbHOh ‘raCTRUbI B KaYeCTBe 
yno6noh cTaTncTBYecKo& nepeMeatroti, u pacraTbtBaeTcB YacToTa koopnBBaunonnor0 recna nnB 
nto6OrO OTHOCMTCnbHOrO 06bCMa TBepnOh @a361 CJTOeB C 6eCnOpBnOqHOfi ynaKOBKOii YaCTAU. 
?‘en.ROnpOBO~HOCTb Ilepe3 KOHTaKTMpyK)t.UHe ‘laCTAub1 npeJ,CTaBneHa aHanMTR’%eCKn C nOMOmbt0 
CeTKM nOCJteROBaTeJTbHbiX II napan.TeJtbHblX TenJtOCOnpOTuBJteHKfi. Hahneno, ‘fT0 3@heKTABHaR 
npoBo~n~ocTb ceTioi Gecnopnaornbtx YacTrin om4iiaKoI3oro miaMefpa ~0n0~0fi~0 yBennsuBaeTcB 
C pOCr0~ OTHOCUTe~bUOrO o6aeivra ‘faCTTin. Xo-rn TeOpiWl Ten~OnpOBO~HOCT~ II paC~penC~e~Un 

KoopmiHawioworo wcna pawwra B 06ureM cnysae Anff cnoei3 6ecnopnnoWoti ynaKoam Yacrm 

pa3HbIX nHaMeTpOB, KOHKpeTHble pe3ynbTaTbI nOJty’B?Hbi TOnbKO fina 9aCTnu OJlnHaKOBOr0 AnaMeTpa. 
CTaT’nCTn’BeCKBfi MeTOH MMeeT HeKOTOpbIe npenMymeCTBa n0 CpaBHeHBKi C MeTOAaMM OnHOg RqehKB 

name nnfl aatinoro npocroro cnyyan. 


